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Abstract-In this note, we study the relation between the existence of algebraic invariants and 
integrability for planar polynomial systems. It is proved, under certain genericity conditions, that if 
the sum of the degrees of the algebraic invariants exceeds the degree of the polynomial system by 
one, then the system is integrable. 
A real polynomial system of degree 11 is a pair of autonomous differential equations on the plane 
where at least one of the real polynomials P, Q has degree 72. 
Inspired by the work of Christopher [l], Schlomiuk [2], and Kooij [3], we explore the relation 
between the existence of algebraic invariant curves and integrability of system (1). 
The main result of this paper is the following theorem. 
THEOREM 1. Consider the polynomial system (1) that has k algebraic invariant curves C, = 0 
such that 
- all curves C, = 0 are irreducible and generic, 
- no more than two curves meet at any point in the finite plane and are not tangent at these 
points, 
- no two curves have a common factor in their highest order terms, 
- the sum of the degree of the curves is 1~ + 1, where 11 is the degree of system (1). 
Then system (1) has an integrating factor p(z, v) = l/(C~cz. . . C,). 
Next we will state some definitions and lemmas, as well as a result from Kooij [3] that will be 
generalised. 
DEFINITION 1. [l] An algebraic invariant curve ofsystem (1) is a set ofpoints (considered over C2) 
satisfying an equation C(x, y) = 0 where C is a polynomial in x and y suc11 that % = C = 
C, P + C,Q = CL, for some polynomial L of degree m 5 n - 1. 
DEFINITION 2. [l] An algebraic curve C = 0 considered over UY2 is called simple if there are no 
points at which C and its first derivatives all vanish. 
DEFINITION 3. [l] A simple algebraic curve is said to be generic if its highest order terms have 
no repeated factors. 
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DEFINITION 4. [4] A function ~(x, y) defined on a region G c R2 is called an integration factor 
for system (1) if it satisfies div(pP, p&) E 0 and p does not vanish in G. 
LEMMA 1. [4] If system (1) has a continuously differentiable integrating factor in a neighbour- 
hood D of a singularity p of (1) of focus or center type, then p is a center. 
In the sequel, we will allow that system (1) has complex algebraic invariant curves. Obviously, 
because system (1) is real, these complex invariants must occur in conjugate pairs. In order to 
prove the main theorem of this paper, we will need a lemma given by Christopher [l]. Note that 
for a polynomial A, we denote its degree by dA. 
LEMMA 2. [l] Suppose that the algebraic curves, Ci = 0 with LX, = N,, are such that each curve 
is generic and pairwise coprime, and no more than two curves meet at any point in the finite 
plane and are not tangent at these points, and no two curves have a common factor in their 
highest order terms. Then any polynomial system for which the curves Ci = 0 are invariant can 
be written in the form 
k= -&A.L% +I? f&, $= (2) 
2=1 
7. i=l 
&A++, fiCz, 
i=l z ) i=l 
where Ci, = $ and C,, = %, with aA, < n - Et=, N, + 1, and dB, aD 5 n - ~~=, N, 
LEMMA 3. [3] Suppose that system (1) has 71+ 1 line invariants 1, = 0, i = 1 . . n + 1, where not 
one pair is parallel, and no more than two lines pass through the same point. Then system (I) 
has an integrating factor ~L(z, y) = l/(1112.. . l,l,+l). 
Notice that Lemma 3 is a special case of Theorem 1. 
PROPOSITION 1. Polynomial systems satisfying the conditions of TJieorem 1 can be brought into 
the following form: 
I; k 
where a, E @ and I(, = (nfzl CJ> /C,. 
The proof of Proposition 1 follows from Lemma 2. Now let us prove Theorem 1. 
PROOF. By Proposition 1, the polynomial system can be written as 
i=_ a, C,, K, = P, ?j = a, C,.:,: I<, = Q, (4) 
/=l /=l 
where a, E @ and I<, = (Et=, C,) /C,. 
A simple calculation reveals that for /L(.z., y) = l/ (n:TI C;), it follows that div(pP,pQ) E 0. 
This completes the proof. 
PROPOSITION 2. Polynomial systems satislying the conditions of Theorem 1 have an elementary 
first integral of Darboux type @=, C,“‘, where the constants aL are as in system (3). 
PROOF. Let H(z, y) = n:=, Clap. Then 
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REMARK 1. If among the algebraic invariants curves a complex conjugate pair 2 = 0 and z = 0 
occurs, then the first integral will have a factor of the form Z’(@, which is just the real-valued 
function ((Re 2)2 + (Im Z)2)R”X exp(-21m X arctan(Im Z/Re 2)). 
REMARK 2. It follows from Theorem 1 and Lemma 1 that, for a polynomial system that satisfies 
the conditions of Theorem 1 and that has a singularity p which is a node, a focus, or a center, 
and for which nf=, C+(p) # 0, p is a center. 
REMARK 3. The existence of an integrating factor does not exclude the possibility of limit cycles 
as is shown by the following example: 
i = -2y(z2 + y2) + (X - y)(22 + 2y2 - l), 
?j = z(r2 + ?J2) + (z + y)(a2 + 2y2 - 1). (5) 
System (5) has three algebraic invariant curves such that it satisfies the hypotheses of The- 
orem 1: Ci = .r2+2y2- 1 = 0, Cz = x + iy = 0, and C’s = .T - iy = 0. The first integral 
of system (5) reads (x2 + 2y2 - 1)(x” + y”)exp(-:!arctan(z)), and it is not difficult to see that 
system (5) has Ci = 0 as a unique hyperbolic limit cycle; see Figure 1. 
Y 
Figure I. I’hasc portrait of system (5). 
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